Abstract. Let C be an irreducible algebraic curve defined over a number field and inside an algebraic torus of dimension at least 3. We partially answer a question posed by Levin on points on C for which a non-trivial power lies again on C. Our results have connections to Zilber's Conjecture on Intersections with Tori and yield to methods arising in transcendence theory and the theory of o-minimal structures.
Introduction
Let C 1 and C 2 be irreducible algebraic curves in the algebraic torus G Aaron Levin asked what can be said of points x on C 1 for which there is n ≥ 2 such that x n is on C 2 . In this paper we give a partial answer to Levin's question in the case
The maximal compact subgroup of the algebraic torus is the real torus is an algebraic curve defined over a number field F . If σ : F → C is a field embedding, then C σ is the curve defined over C by polynomials obtained from applying σ to polynomials defining C. Let Q be a fixed algebraic closure of Q; we take number fields to be subfields of Q. Theorem 1. Let N ≥ 3 and let C ⊂ G N m be an irreducible closed algebraic curve defined over a number field F . We assume that C is not contained in a proper torsion coset of G N m . Let us also assume that C σ (C) ∩ T is finite for some σ : F → C. Then C(Q) contains only finitely many points x with x n ∈ C(Q) for some n ≥ 2.
The condition N ≥ 3 is natural for this type problem on unlikely intersections, cf. Zannier's book [18] where Levin's question appears in print. If x is as in (i) of the theorem, then (x, x n ) is contained in the surface C × C. However, it is also in an algebraic subgroup of codimension N > dim(C × C). Our result gives new evidence towards Zilber's Conjecture [20] on intersections with tori for surfaces in G N m . The class of degenerate subvarieties, of which C × C is a member, has eluded recent progress by Maurin [11] and the second author [8] towards this conjecture. Degenerate subvarieties are defined in Maurin's work [11] ; an equivalent definition is (C × C) oa = ∅ in Bombieri, Masser, and Zannier's notation, cf. [8] .
However, the finiteness condition on C σ (C) ∩ T does not appear in the theory of unlikely intersections, and it would follow from Zilber's conjecture that the condition is not necessary. Any curve that is also a torsion coset intersects T in the infinite set of its points of finite order. There are however also algebraic curves that are not contained in a proper torsion coset but that intersect T in infinitely many points. An example is x, x − 2 2x − 1 ; x ∈ C {1/2} .
Indeed, if |x| = 1 then |x − 2| = |2x − 1|. More generally, the birational map C → C; z → z−1 iz+1
maps the unit circle onto P(R) = R ∪ {∞}, and so sets up a bijective correspondence between curves in G N m which have infinite intersection with T and curves in C N whose closure in P(C) N have infinite intersection with P(R) N . So examples are plentiful. The intersection of the line x 1 + x 2 = 1 with T, however, consists precisely of the two points {(exp(±2πi/6), exp(∓2πi/6)}.
Corvaja, Masser, and Zannier [5] recently proved finiteness results when intersecting an algebraic curve with the maximal compact subgroup of certain commutative algebraic groups.
Our proof involves the Theorem of Pila-Wilkie [13] which is playing an increasingly important role in diophantine problems revolving around unlikely intersections. Zannier proposed to use this tool to give a new proof of the Manin-Mumford Conjecture for abelian varieties in joint work with Pila [14] . Maurin's work [11] relies on a generalized Vojta inequality due to Rémond. Our work uses an earlier variant of this result also due to Rémond [15] , which almost immediately implies (see Lemma 6 ) that x as in Theorem 1 has height bounded only in terms of C. The new ingredient in our work is the use of Baker's inequality on linear forms in logarithms. Its effect is to obtain a lower bound for the degree of x from the height bound obtained from Rémond's result. We refer to Baker and Wüstholz's estimate [2] , which is completely explicit.
Using a p-adic version of linear forms in logarithms due to Bugeaud and Laurent we also obtain the following partial result for curves that do not satisfy the finiteness condition in Theorem 1.
Let S be a set of rational primes. A tuple (x 1 , . . . , x N ) of algebraic numbers is called Sintegral if max{|x 1 | v , . . . , |x N | v } ≤ 1 for all finite places v of Q(x 1 , . . . , x N ) with residue characteristic outside of S. Theorem 2. Let N ≥ 3 and let C ⊂ G N m be an irreducible closed algebraic curve defined over a number field F . We assume that C is not contained in a proper torsion coset of G N m . There is a constant p 0 with the following property. If S is a finite set of rational primes with inf S > p 0 , then C(Q) contains only finitely many S-integral points x such that x n ∈ C(Q) for some n ≥ 2.
By convention the infimum of the empty set is +∞. So S = ∅ is allowed and yields a finiteness statement on points whose coordinates are algebraic integers.
The paper is organized as follows. In the next section we set up common notation used throughout the article. The third section contains an elementary metric argument which is used in connection with Baker-type estimates in section 4. In section 5 we bound from below the size of Galois orbits and section 6 contains the arguments from o-minimality. Finally, both theorems are proved simultaneously in section 7.
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Notation
By a place v of a number field K we mean an absolute value that is, when restricted to Q, either the complex absolute value or a p-adic absolute value for some prime p. A non-Archimedean place is called finite and the others are called infinite. We let K v denote a completion of K with respect to v and, by abuse of notation, Q v a completion of Q with respect to the restriction of v.
For purposes of bookkeeping it is convenient to work with height functions. We recall here the absolute logarithmic Weil height used throughout the article. Let x ∈ Q. There is a unique irreducible polynomial P ∈ Z[X] with P (x) = 0 and positive leading term a 0 . We define the height x as
If K is a number field containing x, then the height h(x) defined above is
where v ranges over places of K, and
, the degree of the corresponding field extension of the completions. Equivalently,
where p ranges over ∞ and the primes, C ∞ = C, and C p is a completion of an algebraic closure of the field of p-adic numbers if p = ∞. The height of a tuple
The exponential height of x is H(x) = exp(h(x)).
A Metric Argument
The following elementary lemma is well-known and sometimes proved using Puiseux series. We have decided to include an elementary argument that essentially relies only on the triangle inequality.
We let ·, · denote the standard inner product on R 2 and · the Euclidean norm. If i ∈ R 2 we use i 1 and i 2 to denote its coordinates. A non-zero vector i ∈ Z 2 is called reduced if i 1 , i 2 are coprime and if either i 1 ≥ 1 or i = (0, 1). We note that two reduced vectors are linearly dependent if and only if they are equal.
by the triangle inequality and the choice of i.
2 ) by hypothesis. We divide by i and set
But the coordinates of v 2 are up-to sign the coordinates of v 1 = i/ i and so either λ 2 = 0 or |λ 2 | ≥ 1/ i . Now suppose also p i ′ = 0. We claim λ 2 ≤ 0. Indeed, otherwise we would have
We have 0 = P (x 1 , x 2 ) = A + B with
and B =
We first treat the error term B. If it is non-zero, the triangle or ultrametric triangle inequality yields log |B| ≤ log σ + max λ 2 <0 {log |p
To treat the terms in the maximum we use the bounds (3), (4), |λ 1 | ≤ D, and λ 2 ≤ −1/D proved above. Indeed, (5) log |B| ≤ log σ + max
Now we consider the main term A to which we associated the polynomial F =
We fix a primitive generator j of the rank 1 group iQ ∩ Z 2 . Then j = µv 1 with µ ∈ R. We can write F = λ f λ X λj 1 Y λj 2 where λ runs over integers and the f λ are certain coefficients of P . We define
] and with this new Laurent polynomial we have G(X j 1 Y j 2 ) = F . Note that 1 is the constant term of G. Say a is the minimal integer such that T a G is a polynomial. Let us now factor
where p = 0 is some coefficient of P . We remark that α 1 , . . . , α d do not vanish and come from a finite set depending only on P .
For brevity we write z = x
Without loss of generality we may assume
we are in the first case of the conclusion. Else we take the logarithm and use (5) to estimate
We conclude by first bounding |a log |z||
Remark 1. Note that in the case that | · | is non-Archimedean and all coefficients of P have trivial absolute value, the condition on L in Lemma 1 is just that it is non-trivial. We will use this in our proof of Theorem 2 below.
Let us also remark that a qualitative version of Lemma 1, which does not give this information needed for Theorem 2 but which suffices for our uses in proving Theorem 1, admits a proof using the model theory of valued fields. We sketch this here.
Let K be an algebraically closed field with an absolute value | · | :
This is a valuation if and only if | · | is non-Archimedean. Consider the two-sorted structure K; +, · , R; +, < ; v consisting of the field K, the ordered group R, and the map v.
Let ( * K, * R) be an elementary extension, extending v to a map v :
′ be the corresponding valuation, and let res be the corresponding residue map. Note that the restriction of res to K is an embedding.
(In the case that | · | is non-Archimedean, v ′ is the coarsening of v obtained by quotienting the value group v( * K) by the convex hull of the standard value group v(K). In the Archimedean case with K = C = R + iR, we can consider res as being induced by the standard part map * R → R) Now let C ⊆ G n m be a curve defined over K, and let x ∈ C(
By the transcendental valuation inequality [7, Theorem 3.4 .3], we have the following inequality on transcendence degrees of fields and dimensions of Q-vector spaces:
|| for some q ∈ Q, q > 0. Applying the compactness theorem of first-order logic, it follows that there exist finitely many pairs (θ, α) of algebraic epimorphisms
and points α ∈ G n−1 m (K), and there exist q ∈ Q, q > 0 and B > 0 such that for any x ∈ K if ||v(x)|| := max i (|v(x i )|) > B then for one of the finitely many pairs (θ, α),
Baker's Linear Forms in Logarithms
In order to prove our theorems, we must treat Archimedean and non-Archimedean places separately. We begin by proving a technical lemma for the latter. Its proof is elementary.
Lemma 2. For F a number field, α ∈ F × , p a prime, and B ≥ 1 there is a constant c > 0 with the following property. Say z = 0 is algebraic over F and not a root of unity such that z and α are multiplicatively dependent. We also suppose that h(z) ≤ B and that |z − 1| v < 1 for some finite place v of F (z) with residue characteristic p. Then [F (z) : F ] + log n ≥ −c log |z n − α| v for all n ≥ 2 for which z n α −1 has infinite order.
Proof. In this lemma, the constants involved in Vinogradov symbols ≪, ≫ depend only on F, α, p, and B. Let e be the ramification index of v above p. The setup and the ultrametric triangle inequality imply |z| v = 1. Let us suppose first that α has finite order, say m ≪ 1. We fix the integer t ≥ 0 with p t−1 ≤ e/(p − 1) < p t . The corollary after lemme 3 [4] yields |z
. Hence z p t and lies in the image of the domain of convergence of the p-adic exponential exp(x) = Σ i x i /i!; cf. Chapter II.5 [12] . It follows that |z
Hence we have
and note that the very left-hand side is non-zero. Using |mn| v ≥ 1/(mn) and taking the ordinary logarithm yields
By the local nature of our height (1), and since d v ≥ e, we have −e log |z
The lemma follows if α has finite order after cancelling e and using (7). Now we assume that α has infinite order. There is a unique reduced (k, l) ∈ Z 2 such that z k α l = ζ is a root of unity. We note that kl = 0 and that any pair (k ′ , l ′ ) ∈ Z 2 for which z k ′ α l ′ has finite order is an integral multiple of (k, l). To complete the proof we may assume |z n − α| v < p −1/(p−1) . This implies |α| v = 1 and this time we fix m ∈ N such that |α m − 1| v < p −1/(p−1) and m ≪ 1. Thus
and passing to the m-th power gives
holds as well. We use the ultrametric inequality to obtain
. The only root of unity that is p-adically closer to 1 than p
is 1 itself. So ζ mn = 1 and therefore |α m(nl+k) −1| v ≤ |z n −α| v by (8) . By our choice of m the element α m is in the image of the domain of convergence of the p-adic exponential. So as above, we can estimate
since α is not a root of unity. We remark that the left-hand side is non-zero. Indeed, nl + k = 0 since z n /α is not a root of unity Using |nl + k| v ≥ |2nlk| −1 we get |nlk| ≫ |z n − α|
v . So log |nlk| ≫ − log |z n − α| v because |nlk| ≥ n ≥ 2. The heights satisfy kh(z) = |l|h(α) since z k = ζα −l . But α = 0 is not a root of unity. So h(α) > 0 by Kronecker's Theorem and therefore |l| ≪ k. This leaves us with (9) log(nk) ≫ − log |z n − α| v and to complete the proof we need to control k. The lemma follows immediately if k = 1. Else k ≥ 2 and Dirichlet's Theorem from diophantine approximation provides us with integers k ′ and l
The lemma follows from this inequality in combination with (9) .
In the following lemma, we apply Baker's technique of estimating linear forms in logarithms. In the Archimedean case we use the explicit estimates of Baker and Wüstholz [2] , and in the non-Archimedean case we use a p-adic version obtained by Bugeaud and Laurent [4] .
It is useful to define L :
Lemma 3. Let F be a number field and C ⊂ G 2 m a geometrically irreducible algebraic curve defined over F . We suppose that C is not contained in a proper coset of G 2 m . Let B ≥ 1. Let x = (x 1 , x 2 ) ∈ C(Q) with h(x) ≤ B and x n ∈ C(Q) where n ≥ 2 is an integer.
where c > 0 depends only on C and B. (ii) Say v is a finite place of the number field F (x) lying above a rational prime that is sufficiently large with respect to C.
where c > 0 depends only on C, B, and the residue characteristic of v.
Proof. For part (i) the constant c is meant to be sufficiently small with respect to B, C, and F . It will be fixed throughout the proof. The constants implicit in ≪ and ≫ below are positive and depend only on B, C, and F . They are independent of x and c. Clearly, we may assume n L > c −6 log n as the conclusion (10) is immediate otherwise. The conclusion of Lemma 1 applied to the point (σ(
2 ), for algebraic β ∈ C × and j ∈ Z 2 {0}, both coming from a finite set depending only on C. After decreasing c we may assume that the left-hand side of (12) is less than −1.
Let l 1 , l 2 ∈ C be choices of logarithms of z and β. That is, e l 1 = z and e l 2 = β. Some elementary calculus yields log |Λ| ≪ −n L with Λ = nl 1 + l 2 + 2πik where k is an appropriate integer with |k| ≪ n.
In order to apply Baker's theory to bound |Λ| from below we must first treat the case Λ = 0, so z n = β −1 . If β is a not a root of unity, then z is not one either. The same weak version of Dobrowolski's Theorem as is used in Lemma 2 implies
Hence n ≪ [F (x) : F ]
2 because β is from a finite set depending only on P . The definition of the height implies
We may thus bound
and the lemma follows in this case. But what if β is a root of unity? Then some positive power of z n is 1. Hence x n is contained in a proper algebraic subgroup of G 2 m . But this is also a point on C. Over 10 years ago Bombieri, Masser, and Zannier [3] proved that h(x n ) is bounded from above by a constant depending only on C. Here it is essential that C is not contained in a proper coset. So h(x) ≪ 1/n. By height inequalities similar to those used above we find
We have proved (10) 2 ) ≤ |j 1 |h(x 1 ) + |j 2 |h(x 2 ) ≪ 1 and so we may streamline the inequality from above to get
We conclude by comparing this with the upper bound for log |Λ| derived above, since this gives
6 and thus completes the proof of (i). Say v is as in (ii) and let e be the ramification index of v above the rational prime. Say C is cut out by a polynomial P . We may suppose that all non-zero coefficients of P and all α provided by Lemma 1 (which do not depend on v) lie in F and have v-adic absolute value 1.
In the proof of part (ii) we allow the constants in ≪ and ≫ to also depend on the residue characteristic of v. In this non-Archimedean case we only assume L = (log |x 1 | v , log |x 2 | v ) = 0 which implies the lower bound L ≥ 1/e. In order to complete the proof we may assume e < n and |z
, and α, α ′ depend only on P .
Moreover, L = 0 so the two equalities
log |x 2 | v = 0 imply that j and j ′ are linearly dependent. Hence j = j ′ because they are reduced. In particular, z = z ′ . There is g ≪ 1 with |α ′ g − 1| v < 1 and it satisfies |z g − 1| v < 1 because |z − α ′ | v < 1. The exponent g plays an important role in Bugeaud and Laurent's work [4] . Before applying their théorème 3 to z and α ′ we must first treat the case where these elements are multiplicatively dependent.
If this is the case and if both z and z n /α have infinite order we may apply Lemma 2. In this case part (ii) follows with ample margin because of (15) . If z has finite order, then e L ≪ [F (x) : F ]/n as in the Archimedean case by appealing to the Theorem of Bombieri, Masser, and Zannier. But e L ≥ 1 and hence [F (x) : F ] ≫ n, which is better than the claim. If z n /α has finite order and z has infinite order, then α has infinite order and nh(z) = h(α) ≪ 1. We can argue as near (13) 
We combine this inequality with (15) to conclude the proof.
Galois Orbits
Let N ≥ 2. Throughout this section F is a number field and, if not stated otherwise, C ⊂ G N m is a geometrically irreducible algebraic curve defined over F . The following lemma is a weak equidistribution statement on curves Lemma 4. Suppose that C is not contained in a proper coset of G N m and that there exists an embedding σ 0 : F → C such that the curve C σ 0 (C) ∩ T is finite. For any B ≥ 1 there exists ǫ > 0 with the following property. For x ∈ C(Q) with h(x) ≤ B and
N there is an embedding σ :
Proof. By hypothesis, the intersection C σ 0 (C) ∩ T is finite. If the intersection is empty, the lemma is immediate. So we define m = #C σ 0 (C) ∩ T ≥ 1.
By symmetry it suffices to prove the lemma for points x = (x 1 , . . . , x N ) as in the assertion for which
N and the hypothesis on [F (x) : F ] yields d ≥ 2m. We fix δ ∈ (0, 1) with
We take ǫ > 0 such that if (x
− t| < δ/2 for some t ∈ C appearing as a first coordinate of a point in C σ 0 (C) ∩ T. The number of such values t is at most m.
Let us suppose that L(σ(x)) < ǫ for all σ as in the hypothesis. This will lead to a contradiction.
By the Pigeonhole Principle there is t ∈ C and a set Σ of at least d/m ≥ 2 embeddings σ :
The absolute value of the discriminant of the minimal polynomial of x 1 is a positive integer. Its logarithm is non-negative and hence
| where the sum is now over all complex embeddings of F (x 1 ).
Two distinct elements of Σ take different values at x 1 . Using log δ < 0 we may bound
The definition of the height implies
Combining this bound with (17) and multiplying by 2m
which contradicts (16).
We need a well-known preparatory lemma. For any integer n we let [n] :
denote the n-th power homomorphism.
Proof. This follows for example from Hindry's lemme 10 [9] .
We use Rémond's toric version of an inequality of Vojta in the next lemma.
Lemma 6. Suppose C is not a coset. There exists a constant B ∈ R such that if n ≥ 2 is an integer and x ∈ C(Q) with x n ∈ C(Q), then h(x) ≤ B.
Proof. For such n sufficiently large with respect to C we may invoke Rémond's théorème 3.1 [15] . In its notation we take to x 2 = x n and x 1 = x. Our result follows quickly from the observation that Rémond's angular distance (x 1 , x 2 ) vanishes. The finitely many integers n ≥ 2 not covered by Rémond's Theorem can be treated with Lemma 5.
Proposition 7. Suppose C is as in Lemma 4. There exists a constant c > 0 with the following property. If x ∈ C(Q) is of infinite order and x n ∈ C(Q) for some n ≥ 2, then
Proof. There exists σ 0 as in Lemma 4. Lemma 6 implies that x has height bounded solely in terms of C. So by Northcott's Theorem, there are only finitely many x of degree at most (2#C σ 0 (C) ∩ T) N . But for a fixed x of infinite order the set {n ∈ N; x n ∈ C(Q)} is finite by a result of Lang, cf. Chapter 8, Theorem 3.2 [10] . Here we need that C is not a coset. Thus for x of degree at most (2#C σ 0 (C) ∩ T) N , there is an upper bound on the n appearing in the statement of the lemma; so for these x the degree lower bound in the assertion is satisfied if c is sufficiently small.
So we need only consider points x with [F (
In particular, the degree lower bound in Lemma 4 is satisfied.
Suppose ǫ > 0 is as in said lemma. Recall that it is independent of x. Now we fix σ :
After decreasing ǫ we may assume L(σ(x ′ )) ≥ ǫ where x ′ is the projection of x to two distinct coordinates of G N m . This projection lies on C ′ , the Zariski closure of the the projection of C to G 2 m . We remark that C ′ is an irreducible algebraic curve and not a coset. Applying Lemma 3(i) to C ′ , inequality (10) yields
with c > 0 independent of x and n. The proposition follows after adjusting c.
Lemma 8. Suppose that C is not a torsion coset of G N m . There exists ǫ > 0 with the following property. If x = (x 1 , . . . , x N ) ∈ C(Q) has infinite order and if all x i are algebraic integers there is an embedding σ :
Proof. The Bogomolov Conjecture, proved in this case by Zhang [19] , implies that there is ǫ > 0 such that any algebraic point of C of infinite order has height at least ǫ. If x is as in the hypothesis then only the Archimedean places contribute to the height of x. The lemma follows easily after possibly modifying ǫ.
Proposition 9. Suppose C is as in Lemma 8. Let S be a finite set of rational primes with inf S sufficiently large with respect to C. There exists a constant c > 0 with the following property. If x = (x 1 , . . . , x N ) ∈ C(Q) is S-integral and of infinite order with x n ∈ C(Q) for some n ≥ 2, then
Proof. The proposition follows along the lines of the proof of Proposition 7. Indeed, if all x i are algebraic integers, then Lemmas 3 and 8 do the trick. Otherwise there is a number field and a place v with residue characteristic in S such that |x i | v > 1 for some i. By decreasing c we may suppose that said characteristic is large enough in order to apply part (ii) of Lemma 3 to a suitable projection of C. Inequality (11) is stronger than our claim.
o-minimality
We refer to [16] for the essentials on o-minimal structures. We will work with the structure R exp,sin | = R; +, ·, exp, sin| [0,2π) generated as a structure over the real field by the real exponential function and restricted sine. This structure is o-minimal, by a theorem of Wilkie [17, Example B] ; its o-minimality also follows from the well-known stronger result that R an,exp is o-minimal.
We will call a subset of R m definable if it is definable in R exp,sin | . We identify C with R 2 by identifying a complex number with the pair consisting of its real and imaginary parts.
The complex exponential function exp :
is also definable, as is its projection Z ⊂ R × R N to the first and the last N coordinates.
We will treat X and Z as definable families parametrized by the parameter n ∈ R. As is usual X n ⊂ F × R N and Z n ⊂ R N denote the respective fibers. The latter is the projection of X n to the final N coordinates.
We will be interested in integral n. We will show that Z n contains no semi-algebraic curves if n ≥ 2.
The main tool in studying the semi-algebraic curves contained in fibers of Z is Ax's Theorem. We state only a special case. Let ∆ = {t ∈ C; |t| < 1}.
Theorem 3 (Ax). Suppose γ 1 , . . . , γ N : ∆ → C N are holomorphic functions for which
Proof. By hypothesis, not all γ i are constant. So the claim follows directly from the one variable case of [1, Corollary 2].
Proposition 10. We assume that N ≥ 3 and that C is not contained in a proper coset of G N m . If n ≥ 2 is integral, then Z n does not contain a semi-algebraic curve. Proof. Let us assume the contrary and suppose that Z n contains a semi-algebraic curve S. So there is a semi-algebraic and non-constant map γ : (−1, 1) → S. After reparametrizing we may suppose that the coordinates γ 1 , . . . , γ N of γ extend to a holomorphic function defined on ∆ with values in C N and with trdeg(C(γ)/C) = 1. "Definable Choice" provides us with a definable map θ : (−1, 1) → F such that (θ(t), γ(t)) ∈ X n for all t ∈ (−1, 1).
Definable sets in R exp,sin | admit a decomposition into analytic cells. So the function θ is real analytic in a neighborhood of some point of (−1, 1). At this point the realand imaginary parts of all coordinates of θ have a Taylor expansion. Each of these 2N functions admits a holomorphic continuation in a neighborhood of said point. By taking appropriate linear combinations after possibly reparametrizing, we find that θ continues to a holomorphic function ∆ → C N . The image of exp •θ : ∆ → G N m (C) is still contained in C(C) by analyticity.
(Although we choose not to present it this way, readers versed in model theory may find it helpful to consider γ(t) and θ(t) as points in an elementary extension * R = dcl(R, t), with γ(t) generic on S over R and θ(t) a witness point in X n . In this view, we can directly apply [1, Theorem 3] via a technique due to Wilkie, considering * C = * R + i * R as a differential field with δ(f (t)) := f ′ (t) for f a function defined over R.) We consider the morphism ϕ :
−n y. The Zariski closure of ϕ(C × C) has dimension at most 2. The Zariski closure Y of image of t → exp(−2πiγ(t)) is contained in ϕ(C × C) and hence has dimension at most 2. We remark that Y is irreducible.
Since N + 1 > 1 + 2, Ax's Theorem implies that the co-ordinates of γ are Z-linearly dependent modulo constants, and so the variety Y is contained in a proper coset. If dim Y = 2 then ϕ(C × C) is contained in a proper coset. The same then holds true for C × C and also C. This contradicts our hypothesis and so dim Y ≤ 1. that is constant on Y . It is convenient to write C ′ for the Zariski closure of φ(C). For t ∈ ∆ we have φ(exp(nθ(t) − 2πiγ(t))) ∈ C ′ (C). Moreover, φ(exp(nθ(t) − 2πiγ(t))) = x 0 φ(e θ(t) ) n ∈ C ′ (C) ∩ x 0 [n](C ′ (C)) where x 0 = φ(exp(−2πiγ(t))) is independent of t.
If t → φ(e θ(t) ) n is non-constant on ∆, then it takes infinitely many values. In this case C ′ ∩ x 0 [n](C ′ ) is infinite. By comparing dimension we find C ′ = x 0 [n](C ′ ) since both sides are irreducible curves. By Lemma 5 the curve C ′ is a coset. Therefore, C is contained in a proper coset of G N m and we have a contradiction. So t → φ(exp(nθ(t))) and even t → θ(t) must be constant. So trdeg C(nθ−2πiγ)/C = trdeg C(γ)/C = 1. As we deduced from Ax's Theorem, the components of γ are Z-linearly dependent modulo constants. But γ is non-constant and holomorphic, so exp(nθ − 2πiγ) takes infinitely many values in C(C). It follows that C is contained in a proper coset and this contradicts the hypothesis.
Proof of the Theorems
We will prove Theorems 1 and 2 simultaneously. The only difference in treating these two cases is if we will refer to Proposition 7 or 9.
Suppose that C is as in the hypothesis. We first reduce to the case where C is not contained in a proper coset. Otherwise there is a coset yH with C ⊂ yH where H G n m is a connected algebraic subgroup. If x ∈ C(Q) and x n ∈ C(Q) for some n ≥ 2, then x ∈ yH ∩ y n H and so yH = y n H which yields y n−1 ∈ H. Therefore, yH is a proper torsion coset containing C, contradicting the hypothesis.
By the Manin-Mumford Conjecture for curves in G N m there are only finitely many points on C of finite order. Hence we must prove that there are only finitely many nontorsion x ∈ C(Q) with x n ∈ C(Q) for some n ≥ 2. For a fixed n there are only finitely many such points by Lemma 5. We will prove the theorem by deriving a contradiction for all sufficiently large n.
By Proposition 7 or 9, there are at least c 1 n 1/9 conjugates x 1 , . . . , x M of x over F ; here and below c 1 , c 2 , c 3 are positive constants that do not depend on n or x.
These conjugates and their n-th powers are points on C(Q). For each x j there is z j ∈ F and k j ∈ Z N with exp(z j ) = x j and nz j − 2πik j ∈ F . Then (18) (z j , k j ) ∈ X n and k j ∈ Z n ∩ Z N for all 1 ≤ j ≤ M where X and Z are as in Section 6. The fiber Z n does not contain a real semi-algebraic curve by Proposition 10. So we can use the Pila-Wilkie Theorem [13] to bound from above the number of integral points of bounded height on Z n . As this result is uniform in families we find a constant c 2 independent of n such that (19) #{k ∈ Z n ∩ Z N ; H(k) ≤ n} ≤ c 2 n 1/10 ; we recall that the height H(k) was defined in Section 2. Of course, the exponent 1/10 can be replaced by any positive constant at the cost of increasing c 2 .
